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Abstract 
Determination of material characteristics using the instrumented indentation test has gained interests among many 
researchers. The output of a spherical indentation test is usually the load-penetration (P-h) curve. To achieve this 
goal, the elastic deformation of sphere must be eliminated from the penetration. To determine three parameters of the 
LUDWIG’s equation which are ıy, K and m, choice of a prompt numerical procedure is of essences.  
The purpose of the present work is to determination three parameters of the LUDWIG’s equation using the spherical 
indentation test and Neural Networks. Therefore, a Neural Networks is trained following the spherical indentation test 
using two parameters that are obtained from the P-h curve. The output of the networks is the three parameters of the 
LUDWIG’s equation. The results were then compared with the finite element predictions and verified using the 
experimental data. A good agreement was observed. Finally, the weights of Neural Networks layer were extracted for 
easy use of the above procedure.   
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1. introduction 
To characterize the material properties usually tensile tests are carried out. However, preparing the 
standard coupons for the tests is destructive, expensive and difficult. A cheap and simple non-destructive 
method to determine the material characteristics, which has been widely developed in the literature, is the 
instrumented indentation test [1, 2 and 3]. The instrumented indentation test provides an accurate load (P) 
versus penetration depth (h) curve. The P–h curve is sensitive to variety of different test details. However, 
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it is mainly influenced by the uniaxial stress–strain curve of the material. It may also be used in order to 
determine some parameters of the work-hardening behavior of the material. Hollomon’s and LUDWIG’s 
isotropic work-hardening laws are the most commonly used stress-strain curves and are defined as 
equations (1a) and (1b) respectively. 
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where E, yV , n and İ, are the Young modulus, the yield stress, the work-hardening exponent and the 
strain respectively in the Hollomon’s equation. In the LUDWIG’s equation K and m represent work 
hardening property of the material. Researchers have used the slope of the P–h curve during loading 
process to estimate the plastic flow properties and deduce the Young Modulus from the unloading slope 
[4, 5]. Pharr and Oliver [5] obtained *E  from an indentation test using the following equation: 
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where a is the contact radius, *E  is the reduced Young modulus and defined as:  
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where sQ , sE , iQ and iE are the Poisson ratio and Young modulus of the sample and the indenter 
respectively. They performed a comparison between the numerical and experimental results and showed 
that Equation (2) did not lead to a very accurate estimation of the contact radius. However, it predicted 
the trend of the contact radius alterations. This can be a result of using the simplified material properties 
in the numerical simulations that did not correspond to the real material behavior. Furthermore, equation 
(2) did not take into account the radial displacements of the material under the indenter [6]. Hay and 
Wolff [7] then introduced a factor of J and the contact stiffness equation became: 
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Knowing the fact that the sphere was deformed during the penetration, the real amount of penetration 
( ihp ) was different with the superficial one ( 0hp ). Therefore, it was essential to subtract the deformation 
of the sphere from the total deformation to calculate the real amount of penetration.  
Collin and his co-workers [6] proposed an empirical procedure to deduce both the indenter 
deformation and the contact radius using the indenter and sample elastic properties and several loading-
unloading and reloading cycles. They introduced an equation [8] that omitted the deformation of sphere 
and resulted in the real amount of penetration. Their equation was defined as equation (6). Coefficients A 
to F were found by means of numerical studies and introduced as: A=-1.6517e-5, B=3.6242, C=0.2003, 
D=-7784.7622, E=-15.3689 and F=649.4548. P, ȣ, R, iE  and a are the force, Poisson ratio, the radius of 
the sphere, Young modulus of the sphere and the contact radius, respectively.  
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. Different information is extracted from the P-h diagram depending on how the loading trend appeared. 
For instance in cyclic loading, information such as changes in elastic and plastic energy and force changes 
versus changes in the amount of penetration could be extracted. Collin and his co-workers [9] presented a 
reverse method to determine the stress-strain curve of the sample by finding the relationship between the 
data from the P-h diagram of cyclic loading and the stress-strain curve. They cyclically loaded the sample 
up to 200N and determined the changes of plastic energy versus h. Finally, coefficients A and B were 
specified by fitting equation (7) to the data. 
* 3 exp( ) (7)
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They then introduced equation (8) to determine the three parameters of the LUDWIG’s equation. This 
equation could not result in one set of unique answer. To solve this problem, three sets of numerical data 
(elastic energy change, total energy change and the change in the ratio of the plastic to total energy 
against the penetration) must be used simultaneously. This procedure resulted in a unique set of answers. 
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where 
*1
yx E
V , *2 Kx E 
 and 3x m , ,a b and c are constant coefficient. Tyulyukovskiy and 
Hobber [10] employed finite element analysis of the spherical indentation and Neural Networks to 
determine the plastic and visco-plastic properties of the sample. They also corrected the P-h diagram 
obtained from the experiments using Neural Networks [11]. However, their technique only provided 
appropriate results for bulk materials and thin films. As mentioned above, for determination of the 
LUDWIG’s equation parameters, three numerical data curves are required. Therefore, cyclic loading, 
unloading and reloading must be performed which is time consuming. The focus of this paper is on the 
determination of the three LUDWIG’s equation parameter using only one numerical data curve, the P-h 
curve. Moreover, in the proposed procedure only one cycle of loading and unloading is required. For this 
purpose the Neural Network was employed. An excellent set of results was observed. Finally, for explicit 
use of the results, a relation based on the Neural Networks weights was introduced.  
2. Numerical study: 
The first step in using any Neural Networks is the network training. Therefore, a set of data must be 
introduced to the network. For this purpose, 49 finite element simulations were carried out. In these 
simulations elastic-plastic properties with isotropic hardening were employed. The LUDWIG’s equation 
that used in the numerical simulations was determined following fitting it to each Hollomon’s equation 
with (150,450,720,1000,1400,2200,3000)yV  and (0.02,0.08,0.15,0.22,0.28,0.34,0.4)n . 
The young modulus and Poisson ratio of the sample were 210GPa and 0.3 respectively. The indenter 
simulated with 600GPa Young modulus and 0.3 Poisson ration (corresponding to Tungsten material 
properties). Foe each set of parameters ıy, K and m were determined. This minimized the difference 
between the LUDWIG and Hollomon’s equations. For instance, a Hollomon sample with ıy = 450MPa 
and n = 0.4 corresponds to a LUDWIG sample with ıy = 450MPa, K= 486MPa and m= 0.47. The radius 
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of the indenter was 1mm. the result of simulations were verified using two sets of experimental data [13], 
which are depicted in Figure (1). 
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Fig. 1. (a) stress-strain curve for AL.6060 and AL.7075 [13], (b) Experimental and simulated P-h diagrams 
The inputs of Neural Networks were coefficients A and B which were identified by fitting equation (9) 
to the pure P-h diagram (after elimination of the elastic deformation of the sphere). In Figure (2) the raw 
and pure P-h diagram are shown for material with ıy=450MPa. Fitting equation (10) to the finite element 
simulations resulted in determination of the A and B coefficients which were then used as the input for 
the Neural Networks. 
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Fig. 2. Load-penetration for material with ıy=450MPa  
3. Application of Neural Networks 
A two-layer network was employed in order to find the stress-strain curve of the testing material.  The 
first layer consisted of nine neurons. The second layer had three neurons. The Neural Networks was then 
trained using the finite element simulations (46 simulations) and the remaining three simulations were 
reserved to check the ability of the Neural Networks to predict the parameters following training. The 
results are indicated in table (1) and evident a good set of results. It is worth mentioning that the Neural 
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Network showed a good ability in the prediction of material properties with low work hardening, which is 
usually a problem in the ordinary numerical procedures.  
Table 1. A comparison between the numerical data and the Neural Network findings 
ERROR % ANN  FEM  ERROR % ANN  FEM  ERROR % ANN  FEM   
0 2.2 2.2 1.38 0.73 0.72 4.44 0.43 0.45 yV  
12.43 0.66 0.587 10.10 0.089 0.099 1.66 0.0061 0.0060 K  
1.04 0.474 0.479 1.81 0.324 0.330 5.02 0.227 0.239 m  
To validate the outcomes of the Neural Networks, the results were tested for two sets of experimental 
data available in [13]. Figure (3) indicates the load-penetration curves of two materials, AISI316L and 
C40 steels.  In Table (2) the coefficients A and B which were obtained from the P-h curve along with the 
Neural Networks results are plotted. 
Table 2. A comparison between the experimental data and the Neural Networks findings 
C40 
A=1.2007 
B=1.9449  
AISI 316L 
A=1.1873 
B=2.456  
ERROR % ANN  EXP.  ERROR % ANN  EXP. 
Material  
0.29 0.333 0.334 0.67 0.149 0.148 yV  
10.51 0.1125 0.1018 10.15 0.0876 0.0975 K  
2.40 0.324 0.332 3.72 0.336 0.349 m  
 
Fig. 3:  Load-penetration curve, for C40 and AISI316L, Experimental data from [13]  
The Neural Networks was trained by changing its inter-layer weights. Equation (10) was resulted by 
Finding these weights from the network and the activating functions. This expression was simply how the 
Neural Networks processed the input data to reach the output. IW is the first layer weight and b is layer 
biases. Furthermore, LW is the layer weight in the second layer. The weight function, therefore, can be 
applied to the data needless of training a network again. 
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4. Conclusions 
Determination of the LUDWIG’s equation to represent the material properties using traditional 
techniques requires many cyclic loading and unloading. In the present work, LUDWIG’s equation was 
determined using monotonic P-h curve with only one loading-unloading cycle. Neural Networks was 
employed and trained to determine three parameters of the LUDWIG’s equation from the P-h curve. 
Furthermore, It was highly sensitive to the numerical data even for materials with low work hardening 
which is a problem in ordinary numerical procedures.  For easy use of Neural Networks, the weights of 
layer, biases and the equation that is governed on the Neural Networks were extracted. The outcomes 
were compared with the experimental data and a very good correlation was observed. 
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